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Local  Maximum, Local Minimum: 

Let f(x,y) be defined on a region R containing the point (a,b). 

Then 

       1) f(a,b) is local maximum value of f  

           if f(a,b) ≥ f(x,y) for all domain points (x,y) in an open 
           disc centered at (a,b). 
        

       2) f(a,b) is local minimum value of f  

           if f(a,b) ≤ f(x,y) for all domain points (x,y) in an open 
           disc centered at (a,b). 

First derivative test for local extreme values: 

If f(x,y) has a local maximum or minimum value at an interior point 
(a,b) of its domain and first derivatives exist there, 
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Critical Points: 

An interior point of the domain of a function f(x,y) where  

both      and      are zero or where one or both      and         do  

not  exist is a  critical point of f. 

xfxf yf
yf



Saddle Point: 

A differentiable function f(x,y) has a saddle point at a critical point (a,b) 
if in every open disc centered at (a,b) there are domain points (x,y) 
where f(x,y) > f(a,b) and domain points (x,y) where f(x,y) < f(a,b) .  

 

The corresponding point (a,b,f(a,b)) on the surface z = f(x,y) is called  

a saddle point of the surface. 



Second Derivative Test for Local Extreme Values: 

Suppose that f(x,y) and its first and second partial derivatives are 
continuous throughout a disc centered at (a,b) and that 

                                  . Then 

        (i) f has a local maximum at (a,b) 

            if                       and                                at (a,b) 
        
        (ii) f has a local minimum at (a,b) 
        
             if                       and                                at (a,b) 
        (iii) f has a saddle point at (a,b) 
        
             if                                at (a,b) 
 
        (iv) The test is inconclusive at (a,b) 
        
             if                                  at (a,b) 
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Illustration: 

Examine the surface 

 

                 for local extreme values. 

Solution:  
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give critical points 

     (-7,-7),(3,3),(5,-1),(-1,5)  
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continued ….. 

(i) At (-7,-7) 

  

                      

                    and 

f(x,y) has a local maximum value at (-7,-7) 

  
(ii)  At (3,3) 
  
                     and 
f(x,y) has a local minimum value at (3,3) 
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continued ….. 

(iii) At (5,-1) 

             

So, f(x,y) has neither local maximum nor minimum value at (5,-1). 

So, (5,-1) is a saddle point of given function. 

 
(iii) At (-1,5) 
             
 
So, f(x,y) has neither local maximum nor minimum value at (-1,5). 
So, (-1,5) is a saddle point of given function. 
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The Method of Lagrange Multipliers: 

Suppose that f(x,y,z) and g(x,y,z) are differentiable. To find the local 
maximum and minimum values of f subject to constraint g(x,y,z) = 0; 

Find the values of x, y,z & λ that simultaneously satisfy the equations 

                                    

                                           and 

For functions of two independent variables, the condition is similar, but 
without the variable z. 
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Lagrange Multipliers with two constraints: 

To find the extreme values of a differentiable function f(x,y,z) 
subject to two constraints 

                                         and  

And     &     are differentiable with     not parallel to      .  

   

Find the values of x, y, z, λ & μ that simultaneously satisfy the 
equations. 
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Illustration: 

Find extremes of distance on an ellipse. 

The plane x+y+z = 1 cuts the cylinder                      in an ellipse. Find 
the points on the ellipse that lies closest to & farthest from the origin. 

SOLUTION:        

We find the extreme values of f(x,y,z) =                        

Subject to constraints 
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We get four points:- 



continued: 

 (1,0,0) & (0, 0, 1) are points on ellipse which are closest 
to origin. 
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